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TWO WEIGHT NORM INEQUALITIES FOR 
VECTOR-VALUED OPERATORS 

CARME CASCANTE AND JOAQUIN M. ORTEGA 


Abstract. We study two weight norm inequalities for a vector¬ 
valued operator from a weighted L^(cr)-space to mixed norm (/r) 
spaces, 1 < <7 < p. We apply these results to the boundedness of 
Wolff’s potentials. 


1. Introduction 

The object of this paper is the study of two weight norm inequalities 
for a vector-valued operator from a weighted L^{a)-spa.ce to mixed 
norm Ljs (/t) spaces, 1 < q < p. More precisely, we study the following 
problem: Let P be the standard dyadic system in M"’, given by "D := 
{2“^([0, !)”■ + j); k E Zi, j E Z"'}, {\q)q£t> a sequence of nonnegative 
real numbers, let T be the operator dehned by 

Tin ^ (xq ^Qfda'j xo'j . 

where xq denotes the characteristic function of Q. Given 1 < s < -|-oo, 
1 < p,q < -|-oo, which are the pair of positive Borel measures /i, a on 
M"’ such that for any nonnegative function /, 

( 1 . 1 ) 

\q£V ^“''3 ' ) 

The possible characterizations of fll.ip depend heavily on the size of 
the parameters s,p and q involved. 

For the range 1 < p < g < oo, the problem is rather well understood. 
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1/s 


If s = 1, the operator / —)■ Aq | / fda j Xq ] is linear and 

Vgec \Jq J J 

its boundedness is characterized by the Sawyer testing condition (test¬ 
ing the boundednes of the operator and its adjoint against characteristic 
functions of cubes). See [1^, [H] [20] and [T2] . 

If s = oo, the boundedness is characterized by the direct Sawyer 
condition im. 

If 1 < s < oo and s > p it was characterized also by the direct 
Sawyer’s conditions in |1] and for s < p it was reduced to the case 
s = 1. 

The case 1 < s < oo and q > p was considered by J. Scurry in 
[T8] . extending M.T. Lacey, E.T. Sawyer and I. Uriarte-Tuero’s proof 
of the case s = 1. For p = g, a different approach, which is closer 
to the methods used in the proof of one of our main results, was 
considered by T.S. Hanninen in [S], adapting T.P. Hytonen’s proof 
for the case s = 1 (see [I2]), based on a parallel stopping cubes 
method. Namely, he proved that if g = p and s > 1, and if we denote 


Tpif) := I Aq ( / fda I xq I and Tf its formal adjoint defined by 

V \Jq ) /gcg 

T-pia) ■■= Y. ^0 (f, 


Xq, then fll.ip holds if and only if both of 


QcP, 

Q&V 


the following conditions are satisfied: 


(i) For all PeV, ||Tp(a)|Up < Ca{P)P 

(ii) For all g = {gQXQ)Q&v, gg > 0, 


\ / IS 

The approach was further extended to an abstract Banach valued 
setting in [7|. 

The upper triangle case g < p in the linear case s = 1 was considered 
in [2] assuming some extra conditions on the operator and the measure 
a, conditions that were removed by H. Tanaka in [TH]. We also re¬ 
call that in HH (see also [22]) was obtained a unihed characterization 
which do not depend in the relative position of p and g. Namely, for 
the particular case that g < p, the characterization obtained by T.S. 
Hanninen, T.P. Hytonen and K. Li in [11] was the following: The op¬ 
erator T is bounded from L^ia) to L'^{p) if and only if the following 
two conditions hold: 
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sup 

T 




a(F)~ 


] 


FeT 


<C, 


F{F) 


(ii) 


sup 

g 


II^g(/^)IIlp'((t) 

/i(G)7 


G&g 


<C, 


Fig) 


where the supremums are taken over all subcollections and Q oi V 
that are sparse (in the sense of the dehnition given below) with respect 
to cr and fi respectively and l/r = 1/g — 1/p and the constants are 
independent of and Q. In the same paper it is obtained a character¬ 
ization for the maximal dyadic function (s = cxo) and q < p (see also 

i). 


In this paper we will obtain two type of results. On one hand, the 
hrst characterization follows the approach of the works in [ 8 ] and m- 
However, instead of the cases consider in [ 8 ] {p = q), we assume that 
q < p and unlike the case in [ 11 ] (s = 1 ), the operator considered here 
maps LP(a) to Lls{p), where 57 ^!, situation that gives that T and 
T* are not symmetric. On the other hand, our second characterization 
follows an approach which is, in some sense, more original. It uses a 
reduction to the case q = 1 and a proof based on duality. 

We will see in the next section that the cases where s < q < p can be 
reduced to s = 1 and, in consequence, to the linear case considered in 
m, 0 and in m- Hence, we limit ourselves to the case where q < p 
and s > q. Before we state the main results, we will need to introduce 
some notations. 

A family of dyadic cubes is cr-sparse (or sparse with respect to cr), 
if for each F G there exists Ep C F such that a{Ep) > (l/2)cr(F) 
and the sets {Ep)f^p are pairwise disjoints. Of course, the constant 
1/2 can be replaced by any other hxed constant 6 G (0,1). 

If F is a subcollection of V cr-sparse and Q eV, we denote by 


^J'(Q) = min{F E E; Q <Z F} 

and analogously for ng where Q is /i-sparse. 

Then, ii g = (pQ)Qgp, gg eR, G E G, we denote go := {9Q}7rgiQ)=G- 
The formal adjoint operator of T is denoted by T* and we dehne r by 
1 /r = 1/g — 1/p. 


Theorem 1.1. Let 1 < q < p < 00 , q < s < 00 , and let p, cr be positive 
locally finite measures on M”, and {Xq)q£V, Xq > 0, Q eV. We then 
have: 
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(1.2) mf)\\L'M ^ W ( f fda) Xq) IIw(^,) < C||/||„m 

\q£V ' ) 

if and only if the following two conditions hold: 

(i) There exists Ci > 0 such that for any Q subcollection of dyadic 
cubes in V fi-sparse, we have 


\\T*{9G)\\L.f.) 


G&g 


<Ci. 


n{g) 


(ii) There exists C 2 > 0 such that for any T subcollection of dyadic 
cubes in V, a-sparse, and any Pf > 0, 

i/p 


E 

FeF 


f^F 


a{Fy/P 


T{xf) 




LJsiu) 


\F£F 


In addition, if C,Ci, i = 1,2 are the smallest constants in (n, 10 
and (El]) respectively, we have that C ~ Ci + (72. 

In our second main result, we need that the measure fi has no point 
masses. 


Theorem 1.2. Assume that 1 < q < p and q < s < 00 . Let ii,a be 
positive locally finite measures. Assume that, in addition, the measure 

fx has no point masses. Let T{f) = (Aq (^fgfda^ Xq)qgd- Then 

(1-3) l|T(/)|U.,(,)<C||/|U.(.), 

if and only if there exists (7i > 0 such that for any {Eq)q^x> pairwise 
disjoint pi-measurable sets such that Eq C Q, 


where s 


2 ^ -1771^-Aq 


Q&V 

s/q and p = p/q. 


(P{Q) 


<C'i, 


LP'(a) 


The paper is organized as follows: In Section |2] we rewrite the es¬ 
timate fll.ip as a problem on discrete multipliers and introduce the 
dehnitions and some of the main lemmas required for the proof of our 
results. In Section |3] we give the proof of Theorem 11.11 and we obtain 
characterizations for the weak boundedness of the operator T. In Sec¬ 
tion m we give the proof of Theorem 11.21 and in the last Section we 
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give an application of this last result to the boundedness of Wolff-type 
potentials. 


2. Some preliminaries 


The following lemma is a consequence of the boundedness of the 
dyadic maximal function and it shows that (HHi can be rewritten 
in terms of discrete multipliers (see for example, Lemma 1 in [21] or 
Lemma 2.1 in [T] for a proof). 


Lemma 2.1. Assume 1 < p < -|-oo. Then estimate A 1.1]) holds if 
and only if there exists C > 0 such that for any sequence {pq)q of 
nonnegative numbers, 


(2.4) 



^u<Q)rPQXQ 


< C'll sup(pqXq)||lp(<,). 
Q^V 


Before we prove our results, we will point out some observations 
concerning the cases where s < q and q < p. We observe that when 
s < g, if we write tq = p^, and denote p = p/s and q = q/s, fl2.4p can 
be rewritten as 


^Q(^(Q)y^QXQ 

QeV 




< C|| SUp(tQXQ)||ip(^). 
Q&V 


By Lemma 12.11 the above estimate is equivalent to the boundedness 
from LP{a) to L^{p) of the linear operator 


that is: 


ns) = E y (<"(«)) 

Q^T) 


Jqfda 

a{Q) 


(2.5) l|T(/)|U,-(^)<||/|U.(.). 

As we have already said in the introduction, if we assume in addition 
that s < q, that is g > 1, this estimate was characterized in [T9| (see 
also |3]) and with a different approach in [TT] . 

Next, ifs = g<p, g = l and consequently, 

l|r(/)|U.M = II 5^ Ay(r(Q))— ( f fda\ XQ||i.,„) = 

OG75 'q 
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Hence, duality gives now that (12.5^ holds if and only if 

Q&v 

So we are left to deal with the case q < p and s > q. In the rest of 
the paper we will assume that this is the situation. 

In order to prove our results, we need to introduce some definitions 
and recall some known facts. For every subcollection of dyadic cubes, 
we denote 


chj-(F) := {maximal F' C F : F' ^ F; F' ^ F} 
and Ejr{F) := F \ Ui?/gchjr(F)F'. 

The sets Ejr[F) are pairwise disjoint. We observe that if a{Ejr[F)) > 
(l/2)(j(F), then the family F is cx-sparse. 

It is important to recall that if a family F is a-sparse, then F is 
cr-Carleson, in the sense that for any P E F, 

(2.6) a{Q) < 2a(F). 

QeT,QcP 

Indeed, if F is cr-sparse, for each F E F, there exists Ep C F 
pairwise disjoint, such that ai^Ep) > (l/2)(j(F). Then 

E uo)<2 E uuo))<2<t(a- 

QgT,QcP QgP,QcP 

Nevertheless, the reciprocal is not true, in general, if the measure a has 
point masses, as we will see in Section 01 

We recall the well known dyadic Carleson embedding: 


Lemma 2.2. 


Let 1 < p < oo. If F is a-Carleson, then 



fda 

where (/)J = 

The next lemma, proved in [10] , will be used in the proof of Theorem 

o 


Lemma 2.3. Let 1 < p < oo. let a be a locally finite Borel measure. 
Let F he a a-sparse collection of dyadic cubes. For each F E F, assume 
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that ap is a non-negative funetion supported on F and eonstant on each 
F'Gchj-(F). Then 



3. Characterizations based on parallel stopping cubes 

3.1. Proof of Theoren II.IL 

Proof. We begin with the proof of the necessity of conditions ([i]) and (jn]) 
in Theoreni ll.il Assnme that fll.2l) holds. By dnality, this is equivalent 
to the norm inequality 


Let us start with ([i]). We will follow some of the arguments in Propo¬ 
sition 3.1 in m- If g = {gQ)Q£V and Q C V is /i-sparse, we dehne for 

1 

every G E G, (fc = f/{p{G)^\\9G\\L°°,{fi})- We want to show that 


is in P{G)- Applying duality with {r/p')' = q'/p' > 1, we have 
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But since p' > 1, the hypothesis (ll.2p . together with the triangle in¬ 
equality for and fl3.7p . gives that 


||T*(/3g0g5'g)||^p' 


Geg 


< 


(o-) 


|r(/3GtoG)l’’'<iff 


Geg 


J2T*{/3G<^GgG) 


Geg 


da = ||T-(5^(/3g.#.cSg))II^,. 


Geg 


(o-) 


< 


y^(/5G0G5'G)||^,/ , s ^ II y^Xl^G(l)G\gG\s'Wj t ,,Y 

Geg Geg 

1 /.' 


Here |^g|.' = {Eng(Q)=G 9 qXq) 

Next, observe that if G G and vrg(Q) = G, then for any G' G 
ch(G), we have that either Q and G' are pairwise disjoints or G' C Q 
and /^g'^gIs'gIs' is constant on G'. Hence, applying Lemma [531 113.71) 
is bounded by 

. 1/9' / ^ \ 1/9' 

ii/?g0g|£/g|s'||^,/(^) 


\Geg 


(Yi^g<Pg [ I ^ G |^ c // i ) 

VGeg / 


< 


/^G‘i^Gllfi'G|lL°°,(^)/l'(G') I 


\ 1/9' 


< 1 . 


\Geg 




Now we check ([n]). Let be cr-sparse, and {(iF)FeT ^ (3^ > 0. 

Applying fll.2l) to the function 

we obtain: 


FeT 


ct(F)i/p 


Xfi together with Lemma 


E 


I3f 


FeF 

< 


(F)i/P 


a 


T{x 


F)\\LU^d) 


it(Eg 


(3f 


(F)i/P 


Xf Ulsif,) 


FeF 1 > \FeF 


Pf 11 p 

a{ py/p^^''Fp{cT) 


i/p 


E/3: 


1/p 


\FeF 
Then (jn]) holds. 

Assume now that (E]) and (Ell) hold. By duality, we want to show that 


Y^q [ f gQdf^^Wfhpp) 

Q^T> “IQ 9Q 
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As it is remarked in [8] and m, by an application of Stein’s ineqnal- 
ity, we may assume that g = (5'QXQ)oex>, where Qq e R and / and qq 
are nonnegative. We also may assume that the collection V is hnite 
and that for some Qq G V, we have that for all Q E V, Q G Qq. We 
will also use the stopping cubes defined for each of the pairs (/, a) and 
defined in [8], considering the same sub collections R, cr-sparse 
and Q, /i-sparse . 

For F E R, G E Q, we write 7r(Q) = {F,G) if = F and 

MQ) = G. 

We then have 

^ Aq / fda / gqdn <I + J 

where 

(3.8) / = EE E Aq f gqd^i f fda, 

GgGFgT; Qev 

FCG niQ)=iF,G) 

and 

(3.9) II = EE E Aq f gqdfi f fda. 

FeFGeg-, qgv 
G aF tt{Q)={F,G) 


We will estimate both sums fl3.8p and fl3.9p separately. For the es¬ 
timate /, we proceed as in |8] where the function / was replaced by 
functions fc such that 


(3.10) 



1/p 

^ ||/||lp((t)- 


and g is such that for G eQ, ||5'g||l°°,(m) < ‘^{\9\s')g- 
Then by Holder’s inequality, 


^ \\fG\\LPia)\\T*{gGg^)\\Lp'(a) 

G(£g 

Since l/p-|-l/r-|-l/g' = 1, applying again Holder’s inequality, we have 
that the above is bounded by 




\\T*{gG9')\\LP'{a) 

^J'{Gy/1'\\gG\\L-°,{^l) 



(lIS'clUpCp)) 

.Ggg 
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Next, by (I3.inp . the above is bounded by 

Ijr 

. . » \ \ 

ll/lk-w E 

\ n^-n \ 




i/i' 


II II [T,^‘(G)((\3l.ro)’' 

Geg ^ \\9g\\is'^^^^J J 


Applying the hypothesis (Ej) of Theorem 11.11 and Lemma 12.21 (recall 
that by fl2.6p . Q satishes a /x-Carleson condition), we hnally obtain 
that I < ||/||lp(<t)||^||^t ( )• 

is' 

Now we estimate II. If we denote gp '■= (qq) q&v-, for some 

7 r(Q)=(F,G) 

G & Q such that G G F, we argue as in [8] to obtain that 
// < 2 ^ (/> J ^ Aoff (Q) [ QQdp. 

T 3 ^-r JQ 


F&T Geg-, Qev 

GCF n(Q)=iF,G) 


- 2 ^{/) f / y^^{TF{(j))Q{gF)Qdfi 
F&F QeV 

(e(/ e- 

[fgf / I FeJ'Qex> 


a{Fy/p 


{TF{cr))Q{gF)Qdix 


i/p' 


^ ||/||lp(ct) 


EX E 

FeF Qev 


a{Fy/p 


{TF{cF))Q{gF)Qdg, 


and where in the last estimate we have used the a-Carleson condition 
for the family F. 

Now, duality. Holder’s inequality and the hypothesis dH]) of Theorem 
[HU give 


E 

Q&V 


a{Fy/P 


j{TF{(j))Q{gF)Qdg, 


FeF 


sup 

T,FeT fgF Q€V 


IP'(F) 


(If 


{F'yip 


a 


{TF{cr))Q{gF)Qdg, 


^ sup 


E 


F£F 


a 


(F)Vp' 




Gs (/a) 


LyGY 


Of course the equivalence O ~ Oi + 0*2 follows from the last estimates. 
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Observe that here we have used that < T{xf)- In fact, in 

condition (|II]) of Theorem 11.11 we can substitute T{xf) by Tp{a). 

3.2. On weak estimates. One natural question that arises is the 
study of the weak boundedness of the operator 

(3.11) T : U{a) ^ Tfr(/i). 

Here the space consists of sequences of functions / = {fQ)Q^v 

/ \ 1/^ 

for which the function ( ^ We recall that 

g e if and only if, 

= supAV({a; e IR"; \9{x)\ > A}) < +cx). 

A>0 

The so called Kolmogorov’s condition (see Lemma 2.8, Chapter V in 
p!3] ) gives an equivalent dehnition. Namely, g G L'^’°°(/i) if and only 
if, there exists a < q and (7 > 0 such that for any measurable subset 
E C M", such that gi{E) > 0, 

PEf-S U^\,j(x)\‘diJ.(x)\° <C. 

We then have that T : L^ic) Lfs°°{g) if and only if, for some a, 
1 < a < g and any E C M"", with /x(i?) > 0, 

(3.12) l|r(/)|U.(„,<MB)^||/||L.(,,. 

By duality, 03.1211 is equivalent to 

With these observations. Theorem [TTT] gives that the following result 
holds: 


Theorem 3.1. Let 1 < q < p . Then 03.lip holds if and only if for a 
fixed 1 < a < q and for any measurable E G ML such that p{E) > 0 
the following two conditions hold: 

(i) There exists Ci > 0, such that for any g = {gQ)Qe.v, Qq £ 

Q G M, and any Q C V p^E-sparse, ifT*^ is the adjoint operator 
of T\e , then 


f II^|£;(5'g)|Ilp'(o-) 

|p|E(G)T||gc'||L-(/2|B) 
where 1/ra = 1/a — 1/p. 


G&g 


<C,p{E)^, 
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(ii) There exists C 2 > 0, such that for any iF a-sparse, and any 


f^F > 0 , 



In addition, if C, Ci, z = 1, 2 are the smallest constants in fl.S.llh . (Ej) 
and (jn]) respectively, we have that (7 ~ Ci + C 2 . 

4. Characterizations based on reduction to g = 1 

A key argument used in this section is the equivalence between 
’’sparse coefficients” and ” Carleson coefficients” associated to the dyadic 
system T) and the measure /i (see Theorem 14.3p . An essential condition 
for this equivalence is that the measure p, has no point masses. The 
hrst theorem will give, for a measure p with no point masses, a ’’canon¬ 
ical” way to choose sets with a prescribed mass. Of course, this choice 
is not unique, but it will be convenient to have a canonical choice in 
order to prove Theorem 14.31 

The proof of the following result will based on an induction process. 
In this process we will consider cubes Q that contain some ’’faces”. In 
the hrst step we hx an order on the family of the ’’faces” of Q, that 
is the n — 1-dimensional cubes that are in dQ, that we may assume 
pairwise disjoint, subtracting some of the ’’edges”. This procedure to 
order the corresponding family of lower dimensional ’’faces” will be 
continued in an analogous way in the successive generations. 

Theorem 4.1. Let p be a positive locally finite measure on R”' with 
no point masses. Let Q an n-dimensional cube in R” which contains 
some of its ’’faces” and 0 < m < p{Q). Then there exists an set 
Hq = Hgim) C Q such that p{Hq) = m. This set can be cho¬ 
sen ’’canonically” in such a way that if 0 < mi < m 2 < p{Q), 
the corresponding ’’canonical” sets Hg^mi) and HQ{m 2 ) satisfy that 
Hgimi) C HQ{m2). 

Proof. Let Q an n-dimensional cube in R”. Let x{Q) be the center of 
Q and 0 < m < p{Q). Let Quit) is a f-homotetic cube in Q with the 
same center of Q, that is, Qnif) = x{Q) + t{Q — x(Q)), 0 < t < 1. Let 
fn be the function dehned on [0,1] by fn(t) := p(Qn(t)). The function 
fn is a non-decreasing function with /(O) = 0 since x(Q) is not a point 
mass and /(I) = p(Q). 

Let = sup{f G [0,1]; p{Qn(t)) < m}. We hrst observe that the 
fact that the measure p has no point masses, gives that > 0. 

There are two possibilities: 
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(i) fn is continuous at 

(ii) fn has a jump discontinuity at . 

Assume that (ji]) holds. If < 1, we have 

m > lim fnit) = /x((Qn(t°))°) = lim f^(t) = /i(Qn(t°)) > rn. 
t^K)- t^K)+ 

Then we choose the set Hq = (Qn(^n))° h(-^Q) = 

If = 1, then 

lim fn{t) = /i((Q)°) = n{Q) = m 

and we also take Hq = {Q)°. 

Assume now that ([n]) holds. If < 1 we have 


a := K{Qn{tl)T) = lim fn{t) < lim /„(t) = /i(Q„(fO)) := (3. 

t^K)- t^K)+ 

Hence ^{dQn{t^)) = (3 — a. 

If = 1, we replace dQn(t^) by Qn(l) \ ((5^(1))° = Q \ {Q)°- From 
now on, we will assume that < 1 with the obvious changes for = 1. 

We have that a < m < (3. Then m — a E [0, /9 — a] and we want to 
choose in a ’’canonical” way a measurable set in dQn{tn) of measure 
m — a. 

The set dQn{tn) can be identihed to a hnite union of (n—l)-dimensional 
cubes that we have made pairwise disjoints subtracting some edges. We 
order them in the hxed way given before, Qh_i, ■ ■ ■, Q^n-i- W^e also 
consider the center of each of these cubes, x{Qn_i), I < i < in- 
Take i the lowest index such that 

/i(QLl) + ■ ■ ■ + KQ'n-l) <m-a< /i((5Ll) + ■ ■ ■ + KQn-l)- 

If fJ.{Qn_i) + ■ ■ ■ + = m — a, we will choose as ’’canonical” 

setHQ = {Qn{C)ru{uYJ,Qi_,). 

If not, we continue iterating. We have that m — a — (/r(Q^_i) + 
■■■ + /n(Q^T\)) G (0,We consider the function := 

IJ'iQli-iif))) where Qn_i(t) denotes the t-homotetic cube of Qn_i with 
respect to the center x{Qn_i). Let tn_i = sup{t G [0,1]; fi{Qn_i(t)) < 
m — a — {fi{Qn_i) + • • ■ + /^(QnF-\))}- If fhe function is contin¬ 
uous at then we consider as ’’canonical” set Hq = {Qn(tn))° hi 
U {Qn_i{tn_i))° and we are done. If not, we can continue 
iterating. If this iteration stops at some stage, then we are done. 

We next show that the iteration has to stop at some stage. Assume 
that this is not the case. Then, hnally, we can hnd a line segment Qi 
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and a function /i(t) := fi{Qi(t)) such that the function /i is discon¬ 
tinuous at some t, which is equivalent to saying that there is a point 
X E Qi such that > 0. And this contradicts the assumption 

that /i has no point masses. Therefore, the iteration has to stop. Ob¬ 
serve that Hq is always a subset of Q, and it is a cube with part of its 
boundary. We will call such set a ’’canonical” extended cube. 

Finally, observe that the ’’canonical” method chosen to construct 
the sets Hq give that if 0 < mi < m 2 < /i(<5), then the corresponding 
’’canonical” extended cubes Hgirrii) and HQ{m 2 ) satisfy Hgirrii) C 
HQ{m2). ■ 

Remark 1. We remark that if F G Q is measurable and m G [0,/r(Q\ 
F)], the same method beginning with to = sup{f G [0,1]; ti{Q{t) \ F) < 
m} and proceeding analogously subtracting the set F in the previous 
arguments permits to obtain an extended ’’canonical" cube Hq^f in Q 
such that Pj{Hq f \F) = m. With this procedure, if F G G, and m G 
\ G)], the corresponding extended cubes satisfy Hq f C Hq q - 

Corollary 4.2. Let p, be a positive locally finite Borel measure on M”. 
Then the following assertions are eguivalent: 

(i) The measure p has no point masses. 

(ii) For each measurable set A and for every m G [0,/r(A)], there 
exists a measurable subset H G A such that p{H) = m. 

Proof. It is clear that ([n]) implies ([1]). For the proof of ([1]) implies (jii|) . 
Let A be a measurable set. By a limiting argument, we may assume 
that the set A is contained in a cube. Theorem 14.11 applied to the 
measure p\A hnishes the proof. ■ 

The following theorem was stated in [2T], Corollary 2, using a result 
of [5] under some implicit conditions on the involved measures. Here 
we will give a direct proof with the only assumption that the positive 
locally hnite Borel measure has no point masses. We will follow the 
arguments used in Lemma 6.3 in [15], where it is given an equivalence 
between sparse and Carleson families of dyadic sets, established with 
respect the Lebesgue measure. Although we will follow closely the same 
arguments, we believe that can be convenient for the reader to give a 
sketch of the proof. 

Theorem 4.3. Let p be a locally finite measure on without point 
masses. Let {Xq)q be non-negative reals and G > 0. Then the following 
assertions are eguivalent: 
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(i) The coefficients {\q)q satisfy the Carleson condition with con¬ 
stant C, that is, for every dyadic cube P eV, 

5^ Ag < 

QcP 

(ii) There exist pairwise disjoint sets Eq C Q such that for any 

QeV, 

Aq < CffiEq). 

Proof. It is clear that ([ii]) implies (Ii|). Assume that (|i]) holds, that is, 

E ^ ^ uo. 


QCP 

This gives, in particular, that 


C 


(4.13) 
and 

(4.14) 


C 


< ffiQ) 


"" < ,(p) - E"" 


C 


Q^P 


c 


One way of interpreting the meaning of the key observation fl4.14p is 

to say that if from ffiP) we take off —Aq of mass of every strict cube 

^ o 

Q P P, then there is still at least y^Ap of mass left in P. 

Denote for each k > 1, Vk the family of dyadic cubes of generation k, 
that is, cubes with side length 1/2^. If the cubes in T) such that Aq 7^ 0 
are of size bounded from below by a positive number, that is, if there 
exists ko such that for any k > ko and for any Q E Vk, Xq = 0, we 
can proceed by an argument starting from bottom up and considering 
only cubes in . For each Q E Vkoi by Lemma Wf2[ choose any 

set Eq C Q with the mass ffiEq) = —The chosen sets Eq of course 

o 

are pairwise disjoint. For the cubes in the next generation Vko-i-i if 

P E Dfco-u by (14.141) . ffiP \\Jq,zpEq) > ^Ap. Hence, corollary |0] 

applied to the set P\UqcpEq, gives that there exists a measurable set 

Ep, disjoint with any Eq with Q P P and such that ffiEp) = —Xp. 

o 

Iterating this process, we obtain (jii]) in this particular case. We observe 
that in this situation, the ’’canonical” choices of the extended cubes Eq 
are irrelevant. 
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For the general case, we will follow a limiting argument as in na as 
well as the ’’canonical” extended cubes with prescribed mass given in 
Theorem 14.11 

Let iF G Z be hxed, and let Q G Uk<KT^k, k < K. We define sets Eq 
’’canonically” by induction on A;, satisfying the following properties: 

(a) E§ c Q. 

(b) If we define 

f’o U 

Rcq 


then \ E^) = ^\q. 

Indeed, let Q G Vk- Since h^Q < /i(Q), if Eq G Q is extended cube 
given in Theorem 14.11 we have that 

(4.15) a(Bq) = ^V 

If we consider Eq = 0, we have the construction for the first generation. 

Assume now that we have dehned E^ <Z Rfor R E Uk+iKiKKRi sat¬ 
isfying (a) and (b). Let Q eV^ and let iL/fpic G Q be the ’’canonical” 

extended cube (see Remark [1]) satisfying 




K 


QEq \ 


Observe that this set exists, since by the induction hypothesis 
and inequality (b), fi{Q \ Eq) > ^Aq. 

We dehne 


Eq ■■= 


UH, 


Then 


QE^- 


^^{E^\F^) = = -\q 


and we have completed the induction. 

Let us check that with this construction, for any Q E Vk, k < K, 
Eq C Eq^^. We proceed inductively on k. Indeed, ii Q E Vk, Eq 
is the canonical set included in Q and such that /i(F^q) - and 

C 


K 


In addition. Remark [T] gives that Eq 


u „ 

rrA+l 

QEq+^' 

Assume now that Eq C Eq^^ for Q E Uka^xVk- Let Q E Vk- By 
hypothesis we have that Eq C Eq^^ and, consequently, by Remark [H 
we have that Hq C Thus, Eq C Eq^^. 

’ Q ’ Q 
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Let Q EVk- We define 

Eq := lim^Q = UK>kEQ C Q. 

Since the sequences of sets {Fq)k and {Eq)k are non-decreasing and 
Eq C Eq , there exists 

and coincide with (^UK>kEQ \ Ux^kE^'^. 

We choose the sets Eq of (jll]) as 

Since for each K, ^^{Eq \ Eq) = ^Xq, we deduce that /i(-Eq) = ^Xq. 
Next, 

Eq = (uK>kEQ \ = Eq\ (urcqEfi^ , 

and consequently, the sets Eq, which are subsets of Eg, are pairwise 
disjoint. 


Corollary 4.4. Let fi be a positive locally finite Borel measure on M."' 
with no point masses. Let {Xq)q be non-negative real numbers. Then, 
if we denote 


Ai 


sup 

p 


TiP) 


and 


Ao 


• r 

ml sup , ^ , , 

EqCQ q fi^Eg) 

pairwise disjoints 


we have that Ai = A 2 . 


Proof. Since for each P, J2qcp — Aih(A’), the equivalence between 
dll) and dUl) of Theorem 14.31 shows that there exists Eg C Q pairwise 
disjoint such that Xg < Aifi^Eg), and hence A 2 < Ai. Reciprocally, 
if A 2 < C, the equivalence between dll) and dUl) shows that for each P, 
J2qcp — P'Pi.P)- Consequently, Ai < C and then Ai < A 2 . ■ 

Remark 2. If the measure pi has point masses, the above Theorem \4.3\ 
may fail. Indeed, take two nested dyadic cubes Qi C Q 2 , two non¬ 
zero coefficients, and Xq.^ o>nd a point mass p, contained in both the 
cubes. Then, clearly, the Carleson condition ([1]) holds, but the condition 
(Inj) fails since one can not divide the mass point. 
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We follow with a result that will be used in the proof of Theorem II.21 
For the Lebesgue measure and the case 1 < s < cxd it was proved in 
Corollary 5.12 in [6] and, in the general setting, with a different proof 
in an unpublished work by I.E. Verbitsky. For a sake of completeness, 
we include a sketch of the proof. 


Lemma 4.5. Let 1 < s < oo and /i a locally finite measure on M”. 
Let A = (Aq)q C [0, oo) he a sequence such that Xq = 0 if a{Q) = 0. 
Define 


1 



and 


A 2 (A)= sup - Egsp ^- 


I/s' ■ 


where the supremum is taken over all sequences {aQ)Q C [0, oo) such 
that aq = 0 if pi{Q) = 0. Then there exists C = C{s) such that 


CAfiK) < Ai(A) < A2(A). 

Proof. The estimate CA 2 {A) < Ai(A) was proved in Theorem 4.b in 
[2T] (consider p = r = 1 < q va that Theorem). For the reverse 
estimate. 


All (A) = 


/ dp 

\q€V J 

Ak" \Qex> / Q dQ 


dpL 


rgv d^RXn) 


I/s' 


aqdq, 

Q&V 


where 


aq - Aq 


s-l 


d/L 


'q (E R&V >^rXr) 


l/s‘ 


7 , Qev. 
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Next, Holder’s inequality gives that for every P eV, 



s' 


E <^QMQy- 


E [ 





^ ^rXr) 



Consequently, for the set of chosen {(yQ)Q we have that 


"4i(A) — ^ AqOq 


QgT) 

Y.Q(iV^Q(^Q 




Remark 3. This lemma is also true for s = 1 and s = oo, but we do 
not include the proof, since it will not he necessary for our purposes. 

As a consequence of Theorem 14.31 and Lemma 14.51 we have the fol¬ 
lowing result. 

Lemma 4.6. Let (&q)q be a sequence of non-negative real numbers. 
Let 0 < g < oo and q < s < oo. Let p. be a positive locally finite 
Borel measure with no point masses. Then the following assertions are 
equivalent: 



(ii) Define s := s/q. Then for every collection {Eq)q of pairwise 
disjoint sets with Eq C Q, 



\ Q / 

where here < means that the constants involved may depend 
on s, but not on the sequence {hQ)Q. 

Proof. Notice that the endpoint cases are trivial: for s = q the ex¬ 
pressions coincide, and for s = oo (in which case the summation is 
interpreted as the supremum), the assertion is clear by linearizing the 
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supremum (we can write sup^ bqxq = ^qXEq for some pairwise 
disjoint sets Eq C Q). 

Assnme now that q < s < oo. Taking s := s/q, (ji]) can be rewritten 
as 


l/s 




< C'h 


Y.KYXQ 

Q 

By Lemma IT751 dH) holds if and only if for every seqnence {o.q)q of 
none-negative reals snch that dq = 0 if /i(Q) = 0 we have 

c’ suj ( ^ ( ■^) m 

Q 


QcP 


Next, Corollary 14.41 gives that the above estimate holds if and only if 
for every family {Eq)q of pairwise disjoint sets, Eq C Q, we have that 

Q 

I/s' 


<C"?snp 

Q 

We dehne 


U(Q) 






V 


f^Q ■ = 


= C"?snp 




Q"/i(Q)Wp(EQ)W'- 


aq 


/i{QyE/i{EqyE'- 


We then have. 




Q 


Q 


which is eqnivalent to. 


Q 


4.1. Proof of Theorem 11.21 

Proof. The condition fll.Sp says that 


) l/s 

llww < Cll/llipw. 
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Since q < s < oo, by Lemma [4.61 this estimate holds, if and only if 
for every collection {Eq)q of pairwise disjoint sets with Eq C Q, and 
denoting s = s/q, 


Q 

By Lemma I2.1[ scaling the index, since q < p, the above is equivalent 
is equivalent to 

I \ n{nV/^ 

Q 

estimate that can be rewritten as 






Q 


which by duality is equivalent to 


(4.16) 


E 

Q 


(^{Q) 


< CL 


L(p/'j)'(o-) 


Remark 4. Observe that if s = q (equivalently, s = 1^, fl4.16p says 
simply that 


(Aqct(Q))^/x(Q) 
-TTTll- Aq 


QeX) 


(^{Q) 


<C, 


LPfa) 


which is the trivial condition for s = 1 and p > 1 that can be obtained 
directly by duality. In the other extreme case s = oo, which corre¬ 
sponds to the dyadic maximal function, the condition is that for every 
subcollection of pairwise disjoint sets Eq C Q 


E 

Q€V 


(Aog(Q))V(£Q) 

cr{Q) 


Xq 


< a 


LP'(0 


Remark 5. We observe that ifT is such that there exists a subcollec¬ 
tion of cubes S p-sparse and T{f ) = ^Ag ^ fda^ xo^ ■ Eor this 

operator TheoremUfM gives that T is bounded from L^^cr) to Efs^p) if 
and only if 


(AQcr(Q))'^/r(Q) 
-TTEA-Aq 


QgS 


(^iQ) 


< c. 


LP'ia) 
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Observe that this condition is independent of s. 


5. Application to Wolff potentials 


If a, s > 0, 0 < a < n, we consider the dyadic Wolff’s potential 
defined by 



where |(5| denotes the Lebesgne measnre. 

If 1 < g < p and q < s, the qnestion that we want to consider is the 
following: which are the measnres /r, a snch that 

(5.17) < II/IU.M? 

In [2] it is given the relationship of Wolff’s potential with the Riesz 
potentials and some applications. 

Theorem 11.21 gives that, if fv has no point masses, fl5.17l) holds if and 
only if there exists C > 0 snch that for any (Eg) pairwise disjoint and 
snch that Eg C Q, 




(|Q|-/-V(Q))V(Q)VV(Aq)V-~' 


<C, 

LP'ia) 


where s = s/q and p = p/q. 

For the particnlar case where /i is an A^o weight, we have: 


Corollary 5.1. let fi be an A^o-weight. Estimate fl5.17p holds if and 
only if there exists a constant C > 0 such that for any subcollection S 
of dyadic cubes, pi-sparse, 


E 

Q^S 


(igr/"-V(g))v(g) 

cT(g) 


< c. 

LPfa) 


Proof. We first observe that if pi is an Aoo weight, then any snbcollection 
S sparse with respect to the Lebesgne measnre is also /x-sparse. Indeed, 
recall that a measnre p. is in Aoo if for each 0 < 7 < 1 there exists 
0 < 5 < 1 snch that for each Q and any snbset E G Q, \E\ C 7|g|, 
then p{E) < Sp{Q). Then the proof of the corollary is an immediate a 
conseqnence of Remark ([5]) and the following lemma. 


Lemma 5.2. Let V be a dyadic grid in M”' and a non-negative com¬ 
pactly supported integrable function f. There exists a subcollection S 
of dyadic cubes, sparse with respect to the Lebesgue measure such that 


Wjj/) < w7(/). 
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Of course, for every subcollection iSi of dyadic cubes, sparse with respect 
to the Lebesgue measure, we also have 

< Kjf)- 

Proof. The proof follows closely the proof in Proposition 3.8 in [1], 
where a similar pointwise estimate is obtained for a fractional operator, 
that is, s = 1. It gives a pointwise estimate of the dyadic Wolff’s 
potential in terms of dyadic Wolff’s potentials dehned on subcollections 
of dyadic cubes, sparse with respect to the Lebesgue measure. ■ 


Remark 6. Let Wa,s{f) be the continuous Wolff potential given by 


>Va,.(/)(T) 



Ljccy) fdx 

fn-a 


s 


dt 

7 ’ 


x e R”. 


We have that for any V dyadic grid on R”, y^a,sif) ~ Wo,s(/) ond, 
on the other hand, there exists Vi, i = 1,... M, families of dyadic grids 

M 

on R"" such that Wa^sif) ^ Thus the above corollary gives 

i=\ 

a necessary and sufficient condition for the boundedness of (VVa,sif))^^^ 
from LP{a) to L^{if). 
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